Abstract. We describe all natural symplectic structures on the tangent bundles of symplectic and cosymplectic manifolds.
Conversely, for any real numbers α and β = 0 the operator Λ(ω) defined by (1) is a symplectic structure on T M .
We recall that ω
* Ω coincides with the tangent lift d T ω (W. Tulczyjew [8] ), and (under the isomorphisms T T M → T * T M induced by the symplectic form d T ω) with the tangent lift of the corresponding 2-vector field (J. Grabowski and P. Urbański [5] ).
By the Darboux theorem every symplectic structure ω on a 2m-manifold M is locally ω o = (1) is a symplectic structure.
So, Theorem 1 is a consequence of the following fact.
Theorem 2. Let Λ be a not necessarily regular Mf 2m -natural operator transforming a symplectic structure ω on a 2m-manifold M into a 2-form Λ(ω) on T M . Then there exist real numbers α and β such that (2) Λ(ω) = απ * ω + β ω * Ω for any symplectic structure ω on M , where Ω and ω are as in Theorem 1.
The proof of Theorem 2 will occupy Section 1 of this note.
Using the isomorphism ω : T M → T * M induced by ω we can obtain versions of Theorems 1 and 2 for T * M instead of T M . Next, using Theorem 2, we study the problem of how to construct canonically a symplectic manifold (T M, Λ(ω, θ)) for a given cosymplectic 2m + 1-manifold (M, ω, θ), where ω is a closed 2-form and θ is a closed 1-form with ω m ∧ θ = 0 for any point in M . This problem arises in the context of not necessarily regular Mf 2m+1 -natural operators Λ (the definition is an obvious modification of the above one). Our second main result is the following classification theorem. 
is the pull-back and dθ is the differential of the fiber linear map θ : T M → R corresponding to the 1-form θ.
Conversely, for any real number a and smooth maps b, c :
By the Darboux theorem every cosymplectic structure
. Hence Λ(ω, θ) from (3) is a symplectic structure for any real number a and any smooth maps b, c : R → R with b(x)+c(x) = 0 and b(x) = 0 for all x ∈ M .
In fact, in Section 2 we prove the following more general Theorem 4. = f •π : T M → R and f [1] = df : T M → R. The usual coordinates on R 
, (x i ) [1] for i = 1, . . . , m is the induced coordinate system on T R 2m . The usual coordinates on R 
, (x 2m+1 ) [1] for i = 1, . . . , m is the induced coordinate system on T R 2m+1 . All manifolds and maps are assumed to be of class C ∞ .
The symplectic case.
The purpose of this section is to prove Theorem 2.
Using notations from Section 0, one can show that
Let Λ be as in Theorem 2.
Proof. We have to show that Λ(ω) = 0 for any symplectic structure ω on a 2m-manifold. By the Darboux theorem and naturality we can assume ω = ω o .
In view of Lemma 1, Λ is uniquely determined by Λ(ω o ). So, it is sufficient to study Λ(ω o ). By the invariance of Λ(ω o ) with respect to translations
we can write
for some smooth maps
We now study the maps
Proof. Using the invariance of Λ(ω o ) with respect to the ω o -automor-
. . , m and arbitrary real numbers τ i from (7) we get the conditions
Thus the maps f (k,λ),(l,µ) are independent of the first m coordinates. 
).
Now an application of the homogeneous function theorem finishes the proof.
Next, we study the maps h (k,λ),(l,µ) : R 2m → R.
Using Lemma 2 and the invariance of Λ(ω o ) with respect to the ω o -automorphisms 
This ends the proof in the case k < l. The case k > l is quite similar.
Lemma 4. For the constants of Lemmas 2 and 3, we have
. . , m} × {0, 1} with k < l, and 
we get the second equality of (11). Then considering the coefficients of τ k o τ l o we get the first equality of (11). By (7) and Lemmas 2-4 we can write
for some real numbers A k , B k and some maps C k,λ,µ :
where U is a neighbourhood of 0 ∈ R 
Proof. It is clear that
)(x i ) [1] ,
over U . Differentiating both sides of each equality and using the fact that
we complete the proof. 
Lemma 6. For the coefficients in (13), we have
Proof. Let ϕ be as in Lemma 5. Clearly ϕ preserves the germ of ω o at 0. Then using the invariance of Λ(ω o ) over 0 ∈ R 2m with respect to ϕ −1 and using the transformation rules (Lemma 5) from (13) we get a certain equality.
Considering the coefficients of d(x
of both sides of that equality we get C k,1,1 = 0.
Then considering the coefficients of d(x
we get (19). 
),
Summing the equalities we find that C 
So, C k,0,0 is independent of the first m coordinates. Similarly, C k,0,0 is independent of the last m coordinates.
By (13) and Lemma 6 we can write
for some real numbers
Using the invariance of Λ(ω o ) with respect to permutations of the first m coordinates together with the corresponding permutations of the last m coordinates we deduce that B k = B and D k = D and E k = E for any
for some real number B.
Lemma 7. For i = 1, . . . , m we have
(27)
Proof. The proof is quite similar to the one of Lemma 5.
Proof of Theorem 2. By Lemma 1 it is sufficient to prove that B = 0, where B is as in (23).
Let ψ be as in Lemma 7. Using the invariance of Λ(ω o ) with respect to ψ −1 from (23) and the transformation rules from Lemma 7 we get B = 0.
The cosymplectic case.
The purpose of this section is to prove Theorem 4.
Using notations from Section 0, one can prove that
Let Λ be as in Theorem 4.
Proof. We have to show that Λ(ω, θ) = 0 for any cosymplectic structure (ω, θ) on a 2m + 1-manifold. By the Darboux theorem and the naturality we can assume ω = ω o and θ = θ o .
So, it is sufficient to study
be the inclusion.
Lemma 9. We have
for some smooth maps a, b : R → R.
is clearly invariant with respect to all symplectomorphisms R 2m → R
2m
, where on R and by Lemma 9 we can write
) [1] for some smooth maps a, b :
Lemma 10. For any k ∈ {1, . . . , m} and µ, ν ∈ {0, 1} there are smooth maps a k,µ,ν and b k,µ,ν such that
We can write
for some smooth map c : R → R.
Proof. Using the invariance of
for i = 1, . . . , m and arbitrary real numbers τ i , from (33) we get
Thus the maps 
Now an application of the homogeneous function theorem completes the proof.
By (33) and Lemma 10 we can write
) [1] for some smooth maps a, b, a k,µ,ν , b k,µ,ν , c : R → R.
Lemma 11. We have ).
Lemma 12. For i = 1, . . . , m we have
) [1] (47)
The proof is standard and quite similar to the one of Lemma 7.
Lemma 13. We have Proof of Theorem 4. By (48) and Lemmas 11 and 13 we have (4) with (ω, θ) = (ω o , θ o ) for some smooth maps α, β, γ, δ, ε : R → R. Then an appeal to Lemma 8 completes the proof.
